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For the Scottish engineer and instrument
maker fames Watt, the 1780s were a very
productive decade. Fifteen years earlier, while
working on a Newcomen steam engine, he
greatly improved its efficiency by adding a
separate condenser chamber. But in l78l a
business partner urged him to invent a rotary
steam engine for use in com, malt/ and cotton
mills, and Watt went to work. In that vear he
devised the sun-and-planet gear, which al-
lowed a shaft to produce two revolutions for
each stroke of the engine. In 1782 he patented
the double-acting engine, in which the piston
pulled as well as pushed. This engine required
a new method of rigidly connecting the pis-
ton, engaged in linear motioq to another part,
engaged jn rotary motion. So in 1784 he came
up with the required linearizing device. Watt
considered this "one of the most ingenious,
simple pieces of mechanism I have contrived,,
and it's the subiect of "Making the Crooked
Straight" on page 20. In 1 788 he added a cen-
trifugal govemor to automatically control the
speed of the engine, and with his invention of
the pressure gauge in 17 9O, theW att engine
was all but ready to make its dramatic contri-
bution to the Industrial Revolution.

For a look at a cleaner, quieter device at the
forefront of modem technology, tum to ,,Liglrt-

ning in a Cryst al" onpage 12.
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IUIakinU lhe croolted sll'aiUht

lnversors and Watt's steam engine

byYury Solovyov

Ftr,N STEAM ENCINES AND
steam pumps were invented,
the theory of articulatedmecha-
nisms-systems of rigid links

connected by hinges in such away
that the motion of one or more links is
transformed into the motion of other
links-began its rapid development.
For almost a hundred years progress in
this area was determined by the prob-
lem faced by the English mechanical
engineer |ames Watt ( 1 736-1 8 19) in
his attempts to improve his steam
engine.

Watt's original design is schemati-
cally shown in figure 1. He put a
piston inside a steam cylindea where
it could move back and forth. The
piston was connected to a rod passing
through the top cover of the cylinder.
The rod was rigidly fastened to the
piston and could, therefore, perform
only linear motion. A rocker arm AF
was attached to a hinge on top of the
ptJ)ar OP, and the hinge Fcoupled the
connecting rod,EE with the rocker,4I. This connecting rod was, in turn,

attached to the crankshaft QE by the
hinge E. A flywheel was attached to
the crankshaft.

If one could connect the head H of
the piston rod to the rocker AF, the
motion of the piston would be directly
transformed into rotation of the fly-
wheel. But point H is in linear motion
whereas point E makes a circular arc
with radius OA andcenter at point O.
Consequently, it's impossible to con-
nectpoints H andA rigidlywithout
breaking the machine.

So this was Watt's problem: to
develop a linearizing mechanism that
would drive point Halong a straight
line and point A along anarc. Watt
solved it by devising an articulated
mechanism that drove point H along
a curve having a small deviation from
a straight line.

Many scientists subsequently de-

veloped linkages that drove point H
with a smaller deviation, but it wasn't
until the 1850s that a technique for
drivingpoint Hexacdy along a straight
line was fiscovered.steam cyLhdcr
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Watlb simple Iineal'hing mecfianhm
Here is Watt's reasoning. Consider

two rockers AO and BO' rotating
around fixed centers O and O'. If the
ends A and B of the rockers AO and
BO' are hinged to a segment AB,
which Watt called a "shackle," a point
of the shackle undergoes a motion
very close to linear (fi1.2l. Lr order io

define the most suitable position of
the fixed center O' andthe length of
the rocker BO', consider three posi-
tions of the rocker OA lfig.3): the
middle OA andthe two extremes OA'
and OA' ' . There should be a point m

of the shackle that stays on the same
straight line MN in all three positions.
Watt took as that line the perpendicu-
larto the segment OA passingthrough
the midpoint of the altitude SA of the
circular segment A' AA".

Take a shackle ab of fixedlength
and choose apoint m on it (fig. a). The
arcs drawn from points A', A, arrd A"
with radius am intersect the straight
line MN at points m', m, afld m",
yrelding three positions of point m of
the shaclde (fig. 31. Plotting on the ex-
tensions of A'm', Am, and A'tm"
segments equal to mb, we get three

oto
ba

Figure 4

positions at the otherendof the shackle
denoted by B', B, xrd.B". These t}ree
points define a circumference passing
through them. To find its centerwe
drop perpendiculars to the centers of
the segments B'B and BB", which
meet at point o'. The center o' de-
fines the length of the second rocker
BO'=B'O':B"O'.

Connecting the end
b of the shackle with
end B of the rocker by
a hinge ensures that at
least in the middle and
at the two extreme po-
sitions of the rocker
OA the point m of the
shackle stays on the
straight line MN.

Watt hoped that,
movrngfrom m'tom",
point m of the shaclde
would experience only
a small deviation from
a straight line. He was
right: the trajectory is
indeed quite close to a
straight line, the pre-
cise traiectory being a
sixth-order curve look-
ing like an elongated
figure eight (fig. 5).

Watl's parfllhlouraln

Watt had one more problem. In
addition to the rod driving the piston
of the steam cylinder, he had to pro-
vide a linear trajectory for another rod
attached to the piston of a pump used
to fill the condenser (fig. 6). Watt
modified his mechanism so that it in-
cluded two points, each of them moving
approximately along a straight line.

Figure 6.

Extend the rod OA (frC.7) and then
complete the parallel ogram ABCD .

Plotting the suaiglrt line througlr points
O and m, denote by n the intersection
of this line and CD. Point n then

moves along a curve similar to that of
point m and, consequently, also has a
small deviation from a straight line.
Since the steam cylinder is higher
than the pump cylinder, Watt attached
the head of the steam piston rod at
point n, which has a greater ampli-
tude, while the head of the pump's rod
was attached at m.

Figure 6 is a schematic drawing of a
steam engine with Watt's parallelo-
gram as it appeared lr.L784.

Watt himself considered the dis-
covery of linearizing mechanisms his
greatest scientific achievement (and
not the govemor now bearing his namg
which is the comerstone of automatic
control theory).

Chely$lteffi linearizing lnecltalti$ln

A number of remarkable linear-
izing mechanisms were inventedby
P. Chebyshev, the outstanding Rus-
sian mathematician and mechanical
engineer. He used his theory of func-
tions with the least deviation from
zero, developed in 1858. I won't go
into the details of his theory here, but
I'll describe one of the most practical
Chebyshev mechanisms.

This mechanism (fig. 8) consists of
a link,43 with a hinge C at its center.
The second link OC equal to ABl2is
attached to the hinge, so that OC :

Figure B
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AC:rc. Theotherend Oof OC isat-
tached to an immobile hinge O. Point
A is attached to a third link DA at-
tached to an immobile hinge D. If

o, -OC+C.A+AD . oC = AC = BC.
J

thenpoint B of the Chebyshevmecha-
nism describes a curve mPn, thepor
tion mn of which has a very small de-
viation foom a straight line. Chebyshev
showed that the maximum deviation
of the curve fragment mn from a line
parallel to OD is given by the formuia

where r : AB, a = ZAD. It's a very
small value indeed. For example, for
AC: OC =BC --lzinches (81.3 cm),
OD = 25 inches (53.5 cm), DA : ll
inches (27.9 cml, we get 6 = 0.032 inch
(0.081 cm).

ftiuol'ous lineanizinU lnechalthtns
A[ the lineanzng articu]ation mecha-

nisms I've described so far are approxi-
mate: a straight line is approximated
by a suitable curve. The theory of
rigorous linearizing mechanisms is
based on an important geometrical
transformation called "inversion. "

T2 l-tgure I
Consider a circle with center P and

radius r (fig. 9). Take a point M lying,
for example, outside the circle. Plot
tangents MTrand MTrand find the
point M' where chord T rTrintersects
the line PM. Theright triangle PMT,
yields

PM.PM':r2. (1)

Conversely, for each point M'lying
inside the circle, we can easily find
the corresponding outer point M.

Points M and M lylngon the same
ray radiating from the center P of a
circle of radius r are called inverses of

each other with respect to this circle if
their distances from the center satisfy
equation (1). It's obvious that the
inverse of a point lying on the circum-
ference coincides with the point and
that there is no inverse of the center.

A transformation that produces an
inverse M' for each point M is called
an inversion with respect to the given
circle. The circle itseif is called the
circle of inversion, and its center is
said to be the pole of inversion. The
square of its radius is the degree of in-
vercion.

An inversion defines (the center P
being the sole exception) a one-to-one
transformation of the points of the
plane. The relation between points
and their inverses is a reciprocal one:
i{ M' corresponds to M, then M corre-
sponds to M. Eachpoint of the circle
of inversion is a fixed point.

Let's take a look at one property of
inversion that's very important for
our pulposes.

THroRErvr 1. A straight line that
does not contain the pole of inversion
is mapped by inversion into the circle
passing through the pole.

Pnoor. LetA be the projection of
the pole of inversion on the given line
(fig. 10), B an arbitrary point of this
7ine, A' andB'inverses of points A and
B. By definition, PA . PA' = PB . PB', or
PA:PB : PB''.PA'. This relation en-
sures that triangles PAB md PB'A' are
similar. Since angle PAB is a right
ong angle PB'A' is also right. So point
B' lies on the circle with diameter
PA', whtch is what we set out to
prove.

The reciprocal property of inver-
sion immediately yields another as-
sertion.

Trnonran 2. A circle passing t}rouglr
the pole of inversion is mapped by in-

version onto a straight line perpen-
dicular to the line through the pole of
inversion and the center of the circle.

So, i{ we could design a mechanism
that applies inversion, rotational motion
would be transformed precisely into
linear motion. Mechanisms that make
use of inversion are called "inver-
SOIS.,,

Peaucellier's inuel'sor
In 1854 the French engineer A.

Peaucellier constructed the following
inversor. Fourlinks of the same lengh
are connected by hinges to form a
rhombus AB CD ({ig. 1 1 ). Two other
links of equal length BO andDO, but
longer than the sides of the rhombus,
are attached to opposite vertices of the
rhombus. Hinges are put at points B,
O,andD.

D

Tsronnm 3. For any position of
Peaucellier's inversor, the product of
lengths AO and OC is a constant
value.

PRoor. Denote the length of the
long links by m, so that

OB:OD:M,

and the length of the short links by n,
so that

AB:BC:CD:DA:N.

Nowplot the diagonals of th.rho--
bus. One of them will pass through
point O (since the vertices of isosce-
les triangles DOB, DAB, and DCB
witha commonbase BD belongto the
same straight line). Let OA : r, OC =
p. Considering the triangle OBM, we
have

BIW : mz - OI\IP. l2l

22
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The triangle BCMytelds

BIrrP:nz-CItvP. (3)

Subtracting (3) from (2), we get

m2_n2 : 1M2_CMI
: (oM+ CMI()M- CMI
: OC.OA,

or

p . r: m2 _nz,

which means that the product

p .r: OC .OA

doesn't change when OC and OA
vary, and our proo{ is done.

Consequently, if point O is fixed
andpoint A moves along a curve, then
point C follows the image of that
curve under inversion. So if point A
moves along a circle passing through
the pole of inversion, point C moves
along a straight line. (It tums out that
Chebyshev's student Lipkin at St.
Petersburg University devised this same
inversor independently rn l\72.l

Let's look at one more inversor
before we leave the subject.

llarl's inuel'sol'

Soon after the appearance of Peaucel
lier's inversor an English mathemati-
cian and mechanical engineer named
Hart constructed an inversor based on
an antiparallelogram. A quadrilateral
ABCD is called an antiparallelogram
(fig. 12) if its opposite sides are equal
and two of them (sides 43 and CD in
fig. l2l intersect each other. The fact
that a hinged antiparallelogram pro-
duces inversion stems {rom the fol-
lowing two theorems.

THronrm 4. For any antiparallelo-
gram the product of its diagonals DB
arrd AC (fig. 13 ) is a constant value.

Pnoor. We'llbegin by denoting the
relationships

AB:DC=m, AD:BC=n.

Take a segment BLparallelto AD and
draw a circular arc with centerB and
radius BI. This arc passes through
point C since

BL: DA: BC.

Now draw the line AM tangentto this
arc. Its square equals the product of
the secant and its outer segment.
Consequently,

Arw: AL.AC: DB .AC. (41

Considering thetnangle ABM wehave

A]W =AB2-BML
= AB2-BC2
: yf-nz.

Comparing this with (4), we get

DB .AC : mz -nz = constxrlt,

as asserted.

DB

Trnonrnn 5. Choose any two equal
sides o{ a hinged antiparallelogram
and fix a point on a thtd side. Draw a
straight line through this point paral-
1el to the diagonals o{ the antiparalle-
logram. The product of the distances
from the fixed point to the intersec-
tions of the line with the chosen sides
remains the same for all positions of
the antiparallelogram.

Pnoop. [n the notations of figure t4
the product in question is one of the
following four: MN. NQ, MN. NP,
PQ. PM, PQ . QN. A1l these products
are evidently equa1. It's therefore suf-

AC
Figure 14

ficient to mnsider the produa 1lO/ . NQ,
where the point Nis fixed. The simi-
larity of triangles,Anz0/ and,4DB yields

MN=BD.N
AB.

wtrile the similarity of triangles ABC
and NBQ implies

NO = AC .BN'' AB'

Multiplying these equalities we get

MN NO = BD ' AC .AN'q: .

AB'

The ratio IAN . BNll AB2 is a constant
since all its terms are constant val-
ues. The product BD . AC is a con-
stant by theorem 4. Consequently,

MN.NQ: constant.

This is how Hart's inversor works.
Taking any of the above four points as

the pole of inversion, we move the
second point along a circle passing
through the first point, Then the third
point traces a straight line. CI

23

Figure 13
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